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Abstract
Based on the old results of Cho, Soh, Park and Yoon, it is shown how higher m + n dimensional
pure gravitational actions restricted to AdSm × Sn backgrounds admit a holographic reduction to a lower
m-dimensional Yang-Mills-like gauge theory of diffeomorphisms of Sn interacting with a charged non-linear
sigma model plus boundary terms by a simple tuning of the AdSm-throat and S
n-radius sizes. After perform-
ing a harmonic expansion of the fields with respect to the internal coordinates and a subsequent integration
one obtains an m-dimensional effective action involving an infinite-component field theory. The supersym-
metrization program can be carried out in a straighforward fashion.
In the past years there has been a large activity on the holographic principle and the AdS/CFT corre-
spondence [1,2]. It is unfortunate that the work of [3] received little attention when in fact contained already
the seeds of the holographic principle. The main result of [3] is that m + n-dim Einstein gravity can be
identified with an m-dimensional generally invariant gauge theory of Diffs N , where N is an n-dim manifold.
Locally the m+ n-dim space can be written as Σ = M ×N and the metric gAB decomposes:
gAB ⇒ γµν(x, y) + e2φab(x, y)Aaµ(x, y)Abν(x, y). eAaµ(x, y)φab(x, y). φab(x, y).... (1)
where e is the gauge coupling constant. This decomposition must not be confused with the Kaluza-Klein
reduction where one imposes an isometry restriction on the gAB that turns A
a
µ into a gauge connection
associated with the gauge group G generated by isometry. Dropping the isometry restrictions allows all the
fields to depend on all the coordinates x, y. Nevertheless Aaµ(x, y) can still be identified as a connection
associated with the infinite-dim gauge group of Diffs N . The gauge transformations are now given in terms
of Lie-brackets and Lie derivatives:
δAaµ = −
1
e
Dµξ
a = −1
e
(∂µξ
a − e[Aµ, ξ]a) = −1
e
(∂µ − eLAµ)ξa
Aµ ≡ Aaµ∂a. LAµξa ≡ [Aµ, ξ]a
δφab = −[ξ, φ]ab. δγµν = −[ξ, γµν ]. (2)
In particular, if the relevant algebra is the area-preserving diffs of S2, given by the suitable basis dependent
limit of the large N limit, SU(∞) [4], one induces a natural Lie-Poisson structure generated by the gauge
fields Aµ. The Lie derivative of f along a vector ξ is the Lie bracket [ξ, f ] which coincides in this case
with the Poisson bracket {ξ, f}. This implies that the Lie brackets of two generators of the area-preserving
diffs S2 is given precisely by the generator associated with their respective Poisson brackets (a Lie-Poisson
structure):
[Lf , Lg] = L{f,g}. (3)
This relation is derived by taking the vectors ξa1 , ξ
a
2 , along which we compute the Lie derivatives, to be the
symplectic gradients of two functions f(σ1, σ2), g(σ1, σ2):
ξa1 = Ω
ab∂bf. ξ
a
2 = Ω
ab∂bg. (4)
When nontrivial topologies are involved one must include harmonic forms ω into the definition of ξa allowing
central terms for the algebras. This relation can be extended to the volume-preserving diffs of N by means
of the Nambu-Poisson brackets:
{A1, A2, A3, ......An} = Jacobian = ∂(A1, A2, A3, ....., An)
∂(σ1, σ2, ....σn)
⇒
1
[LA1 , LA2, .........., LAn ] = L{A1,A2,.........,An}. (5)
which states that the Nambu-commutator of n- generators of the volume-preserving diffs of N is given by
the generator associated with their corresponding Nambu-Poisson brackets. The generators are obtained in
this case by taking the multi-symplectic gradients of functions f1, f2....fn−1 of σ
1, σ2....σn given in terms of
the inverse of the multi-symplectic n-form Ω:
ξa1(i) = Ω
a1a2a3....an∂a2f
(i)
1 ∂a3f
(i)
2 ....∂anf
(i)
n−1..... (6)
When the dimension of N is even, locally one can write the volume form in terms of products of area-forms
Ω = ω ∧ ω.... ; i.e in an appropriate frame the Jacobian (Nambu-Poisson bracket) factorizes locally into
a product of ordinary Poisson brackets. However this doesn’t mean that area-preserving has a one-to-one
correspondence with volume preservings. There are volume-preserving diffs that do not necessarily preserve
areas. The suitable star product will be the Zariski product related to the deformation program of Nambu-
Poisson mechanics [20] ; i.e. deformation theory in multi-symplectic geometry. The curvature scalar R(m+n)
decomposes into [3]:
√
det GABR
(m+n) ⇒ √−γ
√
φ× { γµνR˜(m)µν +
e2
4
φabF
a
µνF
b
ρτγ
µργντ+
φabR
(n)
ab +
1
4
γµνφabφcd[DµφacDνφbd −DµφabDνφcd]+
1
4
φabγµνγρτ [∂aγµρ∂bγντ − ∂aγµν∂bγρτ ]}+
[∂µ(
√−γ
√
φjµ)− ∂a(
√−γ
√
φeAaµj
µ) + ∂a(
√−γ
√
φja)] (7)
The currents are [3]:
jµ = γµνφabDνφab. j
a = φabγµν∂bγµν . (8)
Therefore, Einstein gravity in m + n-dim describes an m-dim generally invariant field theory under the
gauge transformations or Diffs N . Notice how Aaµ couples to the graviton γµν , meaning that the graviton
is charged (gauged) in this theory and to the φab fields. The “Ricci” tensor of the horizontal space is a
gauged Ricci tensor meaning that it is constructed using the derivatives ∂µ − eAaµ∂a. The “metric” φab on
N can be identified as a gauged non-linear sigma field whose self interaction potential term is given by:
φabR
(n)
ab . The contribution of the currents to the action is essential when there are boundaries involved; i.e.
the proyective/conformal boundary of AdSspaces.
When the internal manifold is a homogeneous space one can perform a harmonic expansion of the fields
w.r.t the internal y coordinates, and after integrating w.r.t these coordinates y, one will generate an infinite-
component field theory on the m-dimensional space., i.e. the effecitive action in the horizontal space will
involve a sum over an infinity of field components [22]. This resembles the higher spin field theories of [6,7].
Whereas a reduction of the Diffs N , via the inner automorphims of a subgroup G of the Diffs N , yields
the usual Einstein-Yang-Mills theory interacting with a nonlinear sigma field. But in general, the theory
described in [3] is by far richer than the latter theory. A crucial fact of the decomposition (7) is that each
single term in (7) is by itself independently invariant under Diffs N .
To prove the main point of this short note, let us assume that m = n = 5. For the particular case (i)
that the horizontal space metric γµν is uncharged ; i.e. independent of the y coordinates and equal to the
AdS5 metric and (ii) φab depends solely on the internal y coordinates ; i.e. constant field configurations (from
the point of view of the horizontal manifold) for the non-linear sigma model. But the gauge field still retains
the full dependence on all the coordinates x, y. In this particular case the action simplifies drastically for
the following reasons:
When γµν(x) = gµν(AdS5) the gaugedRicci scalar curvature coincides precisely with the negative-valued
scalar curvature R(AdS5). The “Riccci” scalar for the internal manifold will coincide with the positive-valued
Ricci scalar R(S5) and the terms ∂aγµν , .... in the action are zero. If one takes the size of the AdS5 throat to
coincide with the value of the internal radius of S5 there will be an exact cancellation of the scalar curvatures
2
and the 10-dim gravitational action reduces to a 5-dim Yang-Mills-like gauge theory of Diffs S5 interacting
with a charged non-linear sigma model φab plus boundary terms:
− 1
16piG
√
det GR(m+n) ⇒ − 1
16piG
√−γ
√
φ× {e
2
4
φabF
a
µνF
b
ρτγ
µργντ+
1
4
e2γµνφabφcd[Aµ, φ]ac[Aν , φ]bd − ......} + ....boundary terms (9)
since when φab depend on y only, the covariant derivatives become:
Dµφab = [eAµ, φ]ab = e(∂aA
c
µ)φbc + e(∂bA
c
µ)φac + eA
c
µ∂cφab. (10)
. It is important to emphasize that all the dynamics is encoded entirely in the field Aµ. The fields γµν , φab
act as backgrounds. Integrating afterwards the Lagrangian w.r.t the internal y variables yields an effective
5-dim spacetime theory with an infinite number of field-components. Similar actions have been constructed
in full detail in [16] related to spacetime gauge theories of the Virasoro and w∞ algebras, area-preseriving
diffs of a plane. The w1+∞ are area-preserving diffs of a cylinder and the su(∞) are area-preserving diffs
for the sphere. For relevant work on self dual gravity of the cotangent bundle of a two-dim surafce and w∞
algebras see [10,13,15,18,21]. Other important work onW algebras can be found in [5,11,12,17,18,19]. To see
the role of the large N limit and the Moyal deformation quantization in the direct connection among p-brane
actions and (Generalized) Yang-Mills theories see [14]. In particular, the connection between W -geometry
and Fedosov’s deformation quantization was performed in [8,9]. In [10] it was shown how non-critical w∞
strings are effective 3d field theories that are devoid of BRST anomalies in D = 27 for the bosonic case, and
D = 11 for the supersymmetric case. Noncritical w∞ (super) strings behave like critical (super) membranes.
It is warranted to study the relation of w∞ strings ( higher conformal spin field theories ) propagating on
curved AdS4 × S7 backgrounds to higher spin field theories on AdS4 spaces (target space symmetry) [6,7].
Since the conformal boundary of AdS4 is 3-dimensional and the w∞ strings are effective 3-dim theories, it
is very natural to assume that w∞ strings actually live on the boundary of AdS4. This result for m = n = 5
can be generalized for other values of m and n. Since the scalar curvature depends explicitly on the size of
the throat (internal radius) and the dimensions, one will have to tune these values in order to produce an
exact cancellation of the sum of the scalar curvatures. Concluding, higher dimensional pure gravitational
actions restricted to AdSm × Sn backgrounds admit a holographic reduction to a lower m-dimensional
Yang-Mills-like gauge theory of diffs of Sn interacting with a charged non-linear sigma model plus boundary
terms by a simple tuning of the throat and internal radius sizes. After performing a harmonic expansion
of the fields with respect to the internal coordinates of Sn and a subsequent integration one obtains an m-
dimensional effective action involving an infinite-component field theory. The supersymmetrization program
can be carried out in a straighforward. fashion.
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